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Abstract 

We find classical open string solutions in the AdS§ x S 5 /^ orientifold with angular mo- 
menta along the five-sphere. The energy of these solutions has an expansion in integral 
powers of A with sigma-model corrections suppressed by inverse powers of J - the total 
angular momentum. This gives a prediction for the exact anomalous dimensions of oper- 
ators in the large N limit of an N = 2 Sp(N) Super- Yang-Mills theory with matter. We 
also find a simple map between open and closed string solutions. This gives a prediction 
for an all-loop planar relationship between the anomalous dimensions of single-trace and 
two-quark operators in the dual gauge theory. 
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1 Introduction 



Recently there has been a great deal of interest in stringy tests of the AdS/CFT correspon- 
dence p. 1 This work was initiated by the discovery of the maximally supersymmetric Type 
IIB plane- wave background |3 a , and its subsequent light-cone quantisation Since the plane 
wave background can be viewed as a Penrose limit of AdS§ x S 5 jS], in [3] it was argued that 
the anomalous dimensions A of a large R-charge J sector of the Af = 4 SU(N) SYM theory 
were related to the energies E of single string states in the plane-wave background. 



The duality was first proposed [Sj and investigated jOj in the planar limit, at all loops for 
operators of large R-charge J. Subsequently, through string interactions in the plane wave 
background [7j, the non-planar corrections to this were considered jH]- 2 In fTf] \T5\ ITU] ITT] 1/J 
corrections to the BMN duality were considered, which, on the string side, correspond to going 
back towards the AdS^ x S 5 geometry from the plane-wave background. 

In the original large N expansion in gauge theory 1/iV 2 was used as an expansion param- 
eter. An essential feature of the BMN duality was the presence of a large R charge, allowing 
for 1/J, as well as 1/N 2 , to be used as a small parameter. In this approach one considers 
classical spinning string solutions in the 5*0(2,4) x S0(6) sigma model, which carry a large 
amount of angular momentum or spin in some directions [TT| ITH] ITT)] . The energy of such a 
configuration is then determined as an expansion in angular momenta and a' = 1/ vA, and can 
be compared with the planar anomalous dimensions of gauge theory operators which transform 
in the corresponding representation of the superconformal group. 

Recent progress [T71 HBJ UJ3 1201 EE] has been made by studying closed string solutions which 
carry angular momentum in the S 5 directions. It has been argued that the energy of such 
solutions has a double expansion in A/ J 2 and 1/J 



where J is the total angular momentum of the solution on S 5 . This expansion has the beautiful 



itself into a regular expansion in A/ J 2 with quantum sigma-model corrections suppressed by 
1 For a review see 

2 For a different approach to this see |||. 

3 For the large N limits of SO and Sp gauge theories relevant to this paper see |13j . 



E = A- J. 



(1.1) 




(1.2) 



feature that the classical energy, expressed as a function of J and string tension y/\, arranges 



2 



1/ J. This allows for exact comparisons with gauge theory. Following the work on spin chains, 
the Bethe ansatz, and Af = 4 SYM [221 12H] extensive comparisons with gauge theory have been 
made [2111131201121], and impressive agreement has been found. 4 Further, in [26J, a beautiful 
relation was established between an infinite set of local charges on both sides of the duality (for 
work on non-local charges see |27j.). It would be interesting to understand the general criteria 
for which classical sigma model solutions exhibit these nice properties. 5 

In this paper we find classical spinning open string solutions whose energies do have an expan- 
sion of the form (jl.2j) . In particular we consider the AdS^ x S 5 ' j7Li orientifold [28J, which can 
be thought of as the near-horizon geometry of a tadpole-canceling 07-plane D7-brane system 
in the presence of a large number, 2N, of D3-branes. The metric on AdS§ x S 5 is given by 

ds 2 = - cosh 2 pdt 2 + dp 2 + sinh 2 p(dB 2 + sin 2 6d(j) + cos 2 9d(p 2 ) 

+d"f 2 + cos 2 "fdifl + sin 2 ^(dip 2 + cos 2 ipdtpl + sin 2 ipdifl) . (1.3) 

The orientifold action is generated by g = QXy(—1) f ', where Q acts as 

Q(a) = a- max - a , (1.4) 

with a max = 7r, 27r for open and closed strings, respectively; (— l) Fl (needed for the orientifold 
action to square to one on fermions) acts trivially on the bosonic solutions considered here and 
Xy acts trivially on all coordinates of AdS$ x S 5 apart from ip 3 on which it acts as 

Mv^) = v^ + tt- (1.5) 

The fixed point is then at i/j — 0. In terms of global X, Y, Z coordinates on the sphere 

Z = cos'je' 1 ^ 1 , X = sin 7 cos ipe lLp2 , Y = sin 7 sin ipe lipi , (1-6) 

Xy acts trivially on X and Z and on Y acts as 

X Y (Y) = -Y, (1.7) 

and the fixed point is located at Y — 0. As a result the 07-planes and D7-branes stretch 
over the AdS$ space as well as X and Z. In other words the open strings will have Neumann 
boundary conditions along X and Z with Y Dirichlet. The 50(6) R-symmetry is broken to 

4 It should also be noted that integrable structures have been discussed in non-supersymmetric gauge theories 
as well |25| . 

5 For example, based on present evidence, these properties seem to be connected to the presence of a large R 
charge. Solutions with large spin, but small angular momenta, seem not to possess these nice properties. 
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50(4) x 5*0(2) by the orientifold projection, and half of supersymmetry is broken by the 07- 
plane and D7-branes; further, the SU(2N) gauge group on the world-volume of the D3-branes 
is broken to Sp(N). In the large N limit the surviving states are the D3-D3 and D3-D7 open 
strings. The former give rise to an M = 2 theory with a hypermultiplet in the antisymmetric 
representation of Sp(N), while the latter give rise to four hypermultiplets in the fundamental of 
Sp(N). The 5*0(8) gauge group on the D7-branes' world- volume becomes a global symmetry 
of the gauge theory. At the origin of moduli space the D3-brane theory has been shown to be 
conformal [2S]. The BMN sector of this theory was investigated in [371| I31j. 

This paper is organised as follows. In section |21 we briefly review classical spinning open and 
closed string solutions in orientifolds of flat space. In section|3]we construct orientifold invariant 
open and closed string solutions of the circular and folded type [13 [TBI EH]. I n section [U we con- 
sider general Neumann model type solutions [20j in this geometry. We find a simple relationship 
between orientifold- invariant closed and open string solutions 1)4.22)1 and their energies 1)4.23)1 . 
As a result, for all solutions found, the energy has the desired expansion (jl.2)) . This provides a 
prediction for the anomalous dimensions of large R-charge operators on the gauge theory side, 
as well as prediction for a relationship between the planar anomalous dimensions of single-trace 
and two-quark operators. We briefly discuss the dual gauge theory in section Eland we conclude 
in section [(3 An appendix is included in which we study the stability of open and closed string 
circuar type solutions in the orientifold model. 



2 Flat spacetime classical rotating strings 

In this section we briefly review classical rotating open and closed string solutions in flat space, 
and analyse their behaviour under orientifold actions. To simplify the notation we restrict to 
R 1 ' 4 . The string coordinates satisfy 

(%-%)X M (r,*) = 0, (2.1) 

and the constraints 

XmXm + X M X M = , XmX' m = . (2.2) 
The closed string periodicity condition is 

X(T,a + 2n)=X(T,a + 2n). (2.3) 
The solution describing a classical string rotating in two planes is 

Xq = kt , X = X 1 + iX 2 = a x cos(nia)e iniT , Y = X 3 + iX 4 = a 2 sin[n 2 (cr + a )}e in2T , 

(2.4) 
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for m, n 2 £ N and a±, a 2 , ff G R and 



22, 22 
n 1 a l + n 2 a 2 



The energy and spins are 



E 

h 
■h 
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daXn 



K 



a' 



2- 



da(XX - XX) 
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da(YY - YY) 



riia\ 
' 2a' 
n 2 a\ 
~2a T ' 



In other words 



E = \ —,\ n iJi + n 2 J2 



a/ 



(2.5) 

(2.6) 
(2.7) 
(2.8) 

(2.9) 



We will be interested in open strings which satisfy Neumann or Dirichlet boundary conditions 
at their endpoints 



N: d a X M (r, ( r = 0,7i) = 
D: X M (r,a = 0,n) = 

as well as the equation of motion (j2.1j) and the constraints 
Neumann and Y Dirichlet, the solution is 







(2.10) 
(2.11) 

In particular, for X and X 



X = KT , 

with 



X = Xi + iX 2 = ai cos(ni<r)e 4 



Y = X 3 + iX 4 = a 2 sm(n 2 a)e in2T . (2. 12) 



K~ = n\a\ + n\a\ . (2-13) 

In fact the full open string solution is given by Xm ® /3, where (3 is a Chan-Patton matrix. The 
energy and spins are given by integrals as in the closed string case above, with the integration 
range now being < a < ir, from which we find that 



E 



)J^(n 1 J 1 + n 2 J2) 



(2.14) 



Finally, the orientifold will act by g = QI^— l) Fl , as well as on the Chan-Patton matrix by 



(2.15) 



where 7 9 is a matrix satisfying the usual consistency conditions [32J. It is an easy check to see 
that the closed string solution is g-invariant provided that a = 0, tt, . . . (we might as well set 
cr = by re-defining a 2 ). The open string solution X M <g> (3 is g invariant for rii, n 2 even, and 
(3 = 7 9 /3 T 7 9 _1 - A ^-invariant solution with m, n 2 odd is obtained by swapping the X and Y 
coordinates. 
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3 Two Spin String Solutions on S 5 



In this section we extend the two spin circular [T7| [TH] and folded solutions [TH] to open and 
closed string solutions in our orientifold model. 

3.1 Circular solutions 

The major difference to flat space classical string solutions is that now the co-ordinates satisfy 
the constraint 

X A X A = \X\ 2 + \Y\ 2 + \Z\ 2 = 1, (3.1) 

where 

Z = X 1 +zX 2 , X = X 3 + iX 4 , Y = X 5 + zX 6 , (3.2) 
This constraint is enforced by a Lagrange multiplier A with the Lagrangian 

L = d a X A d a X A + K{X A X A - 1) . (3.3) 

The equations of motion then are 

-d 2 X A + AX A = 0, X A X A = 1, A = —d a X A d a X A (3.4) 

as well as the contraints ()2.2|) . with the index M now running over time and the six fields on 
S 5 . Finally, the closed string solution is periodic while the open string one satisfies Neumann 
boundary conditions in the X, Y directions an Dirichlet boundary conditions in the Z direction. 

The closed string solution with a constant Lagrange multiplier A = v 2 is 

Xq = kt , X = sin7 cos(na)e lWT , Y = sin7 sin(na)e tWT , Z = cos7 e wr , (3.5) 
where n is an integer and u,w,k and 70 are real numbers which satisfy 

w 2 = n 2 + v 2 , sin 2 7 = — ^ (k 2 — v 2 ) . (3.6) 
From equations (|2.6|) . ()2.7|) it follows that the above solution has 

E = V\ K , J z = y/Xu[l-^^-], J x = J Y = ^ v / l + (v/ny(K 2 -v 2 ). (3.7) 

The closed string solution above can be interpreted as an open string solution (with a G [0, 7r] 
now) for a string with Neumann boundary conditions in the X and Z directions and Dirichlet 
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boundary conditions in Y . The full classical rotating open string solution should be tensored 
with p, the Chan-Patton matrix. 

It is easy to see that the closed string solution ()3.5j) is invariant under the orientifold generator 
g = Xyfi(— l) Fl . Note, however, that circular closed string solutions with a different orientation 
(obtained by permuting X, Y and Z) are not g-invariant. On the open string solution g acts 
as 

g(X ) = X Q , g(X) = (-l) ni X, g(Y) = (-1)<»Y , g(Z) = Z , (3.8) 

As in flat space, the open string solution carries Chan-Patton indices /3, on which g acts as 
in equation (|2.15j) . These Chan-Patton factors give rise to an £0(8) R-symmetry group on 
the gauge theory side. We see immediately that the solution is (^-invariant for n even and 
(3 = r y g r l^ 1 - Such open string solutions have the following energy and angular momenta 

V\k t uy\ r k? — u 2 Va 



S = V' Jz = ^r [l ~^h^ h Jx = Jy = ^VI + (vM 2 (k 2 -v 2 ), (3.9) 

with n even. Swapping the X and Y coordinates gives a g-invariant solution for n odd. 

In ^H] small fluctuations around closed string circular solutions were analysed, in order to study 
the stability of the circular solutions. It was found that only for certain ranges of the parameters 
were the solutions stable. One might hope that the orientifold projection will stabalise some 
of the solutions which were unstable in in Appendix El we carry out the relevant analysis 
for both open and closed strings. Unfortunately, we find that while the orientiation projection 
removes some of the unstable modes, it does not remove all of them. As a result the regions 
of stability of the circular solutions analysed in this section are not improved compared to the 
unorbifolded theory. 

3.2 Folded- type solutions 

In this section we review the folded rotating string solution of 19 , and extend it to the case 
of an open string. The classical folded string rotating in two planes is given by 

t = KT, p = 0, 7 = vr/2, (pi = 0, <Pz = W\T, ip 3 = w 2 r, ip = ip(a). 

(3.10) 



where 



Integrating once we get 



V>" + -«|iSin2V> = 0. (3.11) 



iP' 2 (a) = w^(sin 2 i/j - sin 2 ip(a)) + k 2 , (3.12) 
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with u>2i = w% — w\ is taken to be positive, and 

-V>o<#r)<Vo. (3.13) 

The folded string solutions have k = 0, while the circular string solutions have w 2 i = 0. 
Solutions with k and w 2 i both non-zero are expected to be unstable [TUEI]. This solution has 
energy a/Ak which satisfies due to the conformal gauge constraint 



E = V\k = w\ sin 2 ip + w\ cos 2 ip , (3.14) 
and carries angular momenta 



27r Jo 2tt 



Jx = wij — cos tp , J Y = w 2 I — sin ip . (3.15) 
The closed string solution is periodic 



^{a + 2n) =if>(a), (3.16) 

and so for the n-folded string 

2tt= / da = An I J== ( 3 - 17 ) 

Jo Jo W21 v sin 2 ip — sin 2 ip 

This determines ipo in terms of w± and W2, which are in turn functions of Ji,J 2 through 
equation (|3.15|) : the energy as a function of the angular momenta follows from equation ([3.14)1 . 

Consider next open string solutions with two Neumann and one Dirichlet directions. The 
solution ()3.10|) satisfies 

d a ip(a = 0,tt) = 0, (3.18) 

and since 7 = 7r/2, we see from equation (jl.6j) that we may interpret ()3.10j) as an open string 
solution with Neumann boundary conditions in X and Y directions and Dirichlet boundary 
conditions in the Z direction. 6 Such an open string has energy a/Ak/2 and carries angular 
momenta J\ and J2 given by equation ()3.15j) with the integration range changed to < a < n. 
The open string solution also satisfies equation (|3.17j) . Since Z = 0, we may also regard it 
as satisfying Neumann boundary conditions. One might wonder then if a folded-type solution 
(i.e. with k = 0) can be found for X and Z satisfying Neumann and Y Dirichlet boundary 
conditions. It is not difficult to check that there are no such solutions. 



6 To make it consistent with the orientifold action, we should redefine g to act by l) Fl Iz rather than by 
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It is easy to see that the closed string folded solutions considered above are invariant under 
the orientifold action g = X^Q(— 1) F ', in other words for folded closed strings which do not 
extend in the Dirichlet direction. Similarily the open string solution is also invariant under the 
orientifold action if it too does not extend in the Dirichlet direction and its end-points are at 
the same point on S 5 - in other words for n even. 



4 The Three Spin Solutions 

In the previous sections we considered the simplest circular and folded solutions. In this section 
we now turn to the general class of solutions studied in [20] • These are of the form 



X 1 + iX 2 = Xl (a)e iwiT , X 3 + iX 4 = x 2 (a)e iW2T , X 5 + iX 6 = x 3 (a)e iW3T , (4.1) 
where 

X> 2 = 1- (4-2) 

i=i 

They carry charges Jj under the Cartan subalgebra of 5*0(6) 

Ji = \f\wi [ ^(a) , i = 1, 2, 3, (4.3) 
Jo ^ 

while the energy is 7 

E = V\k , (4.4) 

with the Virasoro constraint 

K 2 = X M X M + X' M X' M , (4.5) 

which makes the energy a function of the three spins. The Lagrangian for the three fields Xi(a), 
together with the Lagrange multiplier enforcing (j4.2j) is 

L = \ $>f - wlxl) + ^A(X> 2 - 1) • (4.6) 

i=l i=l 

The closed string solution satisfies 

Xi{a) = Xi{a + 2?r) , i = l,2,3 (4.7) 

7 These definitions are for closed string charges; the open string charges are the same but with the integration 
range now being < a < 7r; the open string energy is *J\n/2. 
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while the open string solution will satisfy 



d a x a (a = 0,?r) = 0, a = 1,2 x 3 (a = 0, vr) = . (4.8) 

In j2U] it was found that elipsoidal coordinates are useful in describing the closed string system. 
These coordinates are the two real roots £i and ( 2 which solve the quadratic equation 

-^S + -^S + -^S = 0. (4.9) 

The Lagrangian for d, ( 2 is 

L= l -g ab {Qa' b -U{Q, (4.10) 

where the metric is diagonal 

^ 11 = 4(Ci-«;?)(Ci-t 2 2 )(Ci -«;§)' ^ 2 = 4(C 2 -^)(C 2 -^ 2 2 )(C 2 -^3 2 )' (4 " U) 

and the equations of motion are 

(fO 2 = - 4 ( C2 n % 2 > where p (0 = (C - ™ 2 )(C - ^ 2 )(C - ^)(C - 6i)(C - 6a) • (4-12) 

The closed string solution will then obviously satisfy 

Ci(<7 + 2vr) = Ci(<t) , ( 2 (a + 2vr) = Ca(<r) . (4.13) 

We may ask what boundary conditions are consistent with the vanishing of the boundary 

variation of the Lagrangian (|4.10j) . Such terms come from the integration by parts of the 
variation of the ((') 2 terms and they vanish for 

C 2 (<7 = 0)-Ci(<r = 0) = 0, (4.14) 

or d and ( 2 satisfying the usual Neumann or Dirichlet boundary conditions 

C , (a = 0) = 0, £ i (<T = 0) = cst, t = l,2. (4.15) 

The boundary conditions (|4.14jl do not seem compatible with the equations of motion (|4.12j) 
and so we will not consider them here. 

For Xi > and ( in the range 

^ 2 <Ci<^ 2 <C 2 <^3> (4-16) 
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we have 

" = a/ (Ci "^."^ - (4-iT) 

y ji hi 

for i = 1, 2, 3 and j, k such that 7^ 0. We are interested in x 3 satisfying Dirichlet boundary 
conditions. From the above it is easy to see that this is equivalent to imposing (in our range of 
Q) at the boundary 

( 2 (a = 0,7r)=wl (4.18) 

Next, with the above boundary condition on £ 2 , requiring that X\ and x 2 satisfy Neumann 
boundary conditions is equivalent to requiring 

Ci = feior6 2 , (4.19) 

at the endpoint. Either of these boundary conditions ensures that = d c x\ = d a X2 = x% with 
d a X3 7^ on the boundary. The open string starts on the equator of the S 3 parametrised by Q 
and moves off north or south. It will at some point reach maximum longitude and then move 
back down towards the equator/brane. The above applies at both endpoints a = 0, n of the 
string. 

There are of course many types of open string solutions with the above boundary conditions. 
A solution is characterised by the range of £1 and (2 and by the type and number of extremal 
points along it. An extremal point is any point for which x'^a^) = for some i — 1,2, 3. It 
is easy to see that there are three types of extremal points 

• F: A fold point has all x\ = 0; here Ci, (2 = h, 

• Bj: A bend point has x\ 7^ and x'j = for j 7^ i; here one of the ('s equals wf while the 
other b a ; 

• A: An arch point has x\ — and x'- 7^ for j 7^ i; here Ci? C2 = Wj, wf, for j, k 7^ i. 
Given our choice Ci < C2 there are four possible ranges for the solutions 

• I: 61 < Ci < w\, b 2 < C2 < w\\ 

• II: 61 < Ci < h, w\ < C2 < w 2 3 ; 

• III: w\ < d < w\, b 2 <( 2 < w 2 3 ; 

• IV: wj < Ci < b 2 , wl<( 2 < wl 
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The extremal points allowed in each range are 

I: F, B 2 , B 3 , A 1; II: B 2 , B 3 , III: B 1; B 2 , A 1; A 2 , IV: B 2 , B 3 , A 2 , A 3 , (4.20) 

From the boundary conditions (|4.8jl . we see that the endpoints of the open string are B 3 
extremal points. As a result the range III is of no interest to us. A general open string solution 
will then start and end with the extremal point B%, and have various intermediate extremal 
points allowed by its ( range (c.f. equation (|4.2()jl ). As in (2H|, one can consider limiting 
cases in which one of the £'s range is reduced to a point 8 . Solutions with no F point can 
be understood as generalised circular solutions discussed in section 13.11 while those with an F 
point are generalised folded solutions of section 13.21 

Finally we should consider the action of the orientifold on the above open and closed string 
solutions. The orientifold will act on the opens string solutions as 

xt(a) ->ari(7T- a) , x 2 (cr) -> x 2 (vr - a) , x 3 (a) -x 3 (tt - a) , (4.21) 

with the action on the closed strings as above but with 7r replaced by 2%. 

We have already seen in the previous sections that open string folded and circular solutions 
are very similar to the closed string solutions. The same turns out to be true for the more 
general solutions considered in this section. For consider any open string solution x°(a) which 
satisfies the boundary conditions (|4.8|) and is invariant under the orientifold action (|4.21|) . It 
is easy to see that for such a solution Xj(0) = Xi(Tc), in other words that the end-points of the 
open string are at the same point on S 3 . Defining a closed string solution as 

x l(a) = x i{a) , where a = 2a , (4.22) 

we see immediately that x\ satisfy the closed string periodicity conditions ()4.7|) and are invariant 
under the closed string orientifold action. Similarily, consider a closed string solution x%, which 
satisfies equation (|4.7jl and is invariant under the orientifold action. It is easy to see that 
£3(0) = = £3(271"). Differentiating with respect to a, the orientifold-invariance conditions 
for x c a (a = 1,2) one also finds that xf(0) = = xf(2ir). From x\ we can define x° as in 
equation 1)4.22)1 which satisfies the open string boundary conditions ()4.8)) and is invariant under 
the open string orientifold action. 

Note that the mid-point of the open/closed string is also a B 3 point. A general orientifold 
invariant solution will then start at a B 3 point and go through several extrema allowed in its 
( range (as discussed above equation (|4.20j) ). before it gets to its mid-point which is also a B 3 
8 For example by letting b\ — > w\. 
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point. The solution after the mid-point is defined by requiring invariance under the orientifold 
action. As in the previous sections the open string solution will carry a Chan-Patton matrix 
(3, and the full solution should be viewed as a tensor product of x° with (3. Since X = kt <g> [3 
has to be invariant under the orientifold action we see that (3 = 7 9 /5 T 7 9 " 1 . 

Open string solutions constructed from closed string solutions via equation (|4.22J) will carry 
half the angular momenta and energy of the closed string solution. As a result we have 

E (J it0 ) = \e c {2J^ c ) . (4.23) 

In other words the energy of the open string solutions can be read-off from the orientifold- 
invariant closed string solutions. 

As an example of an orietifold invariant solution consider the folded-bent string discussed in 
section 3 of 1201- By relabeling x 3 <-> x 2 and o — > a + n/2 we obtain a closed string solution of 
the type B 3 — >F— >B 3 — >F— >B 3 , which is the minimal orientifold invariant solution containing 
an F point and, as discussed above, can be interpreted both as an open and closed string 
solution. The energy of the closed string solution can be found in pOj, while that of the open 
string solution follows from equation (|4.23jl . 



5 Relationship to gauge theory 

In j3U] an identification between the free open and closed string spectrum and the planar 
anomalous dimensions of a large R-charge sector of the gauge theory was carried out. Later, 
using lightcone string field theory for open strings [S3], 9 the non-planar corrections were con- 
sidered [31j. In the previous sections we have found that the classical open and closed spinning 
string solutions invariant under the orientifold action have an energy expansion of the form (|1.2j) 
- in integal powers of A, with sigma model corrections suppressed by extra powers of 1/J. Re- 
producing this expression as the exact scaling dimensions A (A, J) of SYM operators with the 
same global charges constitutes a test of the AdS/CFT duality. 

In this section we identify in more detail the map between these global charges and the operators 
dual to the string solutions. On the string side the orientifold action does not act on the AdSc, 
geometry, in other words the energy E and two spins Si, S2, which are Casimirs of 50(2,4) 
are the same as in the unorientifolded theory. In particular, we may identify the string energy 
with the scaling dimension of an SYM operator, as in the M = 4 case. The orientifold action 
breaks the SO(6) symmetry of S 5 down to SO(A) x SO(2) ~ SU(2) L x SU(2) R x U(l) where, 
9 For a recent paper on open-closed string field theory see j^4| . 
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in our conventions, Jz is the U(l) Casimir, while Jx and Jy combine to give the Casimirs of 
the two 5C/(2)'s 

Jsu(2) R — ^{Jx + Jy) , Jsu{2) L = -(Jx - Jy) ■ (5.1) 

The M = 2 Sp(N) theory has a vector multiplet, whose scalar we denote by W, as well as 
a hyper multiplet in the antisymmetric representation. This can be split into two chiral fields 
Z, Z'. Further, there are four hypermultiplets in the fundamental, which also possess a global 
50(8) symmetry, as a result of which we write them as an 50(8) vector Qi. The 'closed 
string' chiral fields Z, Z',W carry charges (Jx, Jy, Jz) equal to (1,0,0), (0,1,0) and (0,0,1) 
respectively, while the Qi have charges (1/2,0,0). In the planar limit, there are two types of 
gauge invariant operators we may consider: those in a trace, or those sandwiched between two 
fundamental fields. These correspond to closed and open strings respetively. For example the 
energy of the open string solution of section 13.21 should match with the anomalous dimension 
of an operator 

frjQMnzyx^Z'y^Qj + ■ • • , (5.2) 

where (3 is the 50(8) 'Chan-Patton' matrix, and ■ • ■ denotes all permutations of the above, 
which have the same global charges and classical scaling dimension. 10 Similarily a general 
closed string solution of the type discussed in section |U should have an energy expansion which 
matches the anomalous dimension of the operator 

Tr ((QZ) Jx (QZ') Jy (QW) Jz ) + ■■■ . (5.3) 

Given the work on the anomalous dimensions of M = 4 operators [221 122] , it should be 
straightforward to find a spin-chain model corresponding to the closed string operators - afterall 
these are just an orientifold-invariant subsector of the f\f — 4 theory. The open string operators 
of the type I5.3|) . should be described by a spin-chain model which satisfies suitable boundary 
conditions, rather than being periodic. The string theory prediction is that the eigenvalues 
of the Hamiltonian of such an open spin-chain model will be related to the eigenvalues of the 
periodic spin-chain Hamiltonian via equation 1)4.23)1 . It would be interesting to carry out this 
analysis explicitly. 

6 Conclusion 

In this paper we have found classical open and closed string solutions in the AdS 5 x 5 5 /2 2 

geometry whose energy has a regular expansion in A/ J 2 with quantum sigma model corrections 

10 In keeping with standard notation, in this section Q denotes the invariant tensor of Sp(N), rather than 
string orientiation reversal. 
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suppressed by extra powers of 1/J 11 . The theory considered here has half the supersymmetries 
of the previously studied examples. Furthermore this is the first time that open spinning strings 
have been studied. We have identified the operators whose anomalous dimensions should be 
equal to the energy of the spinning strings; in particular, as in the BMN case jSD], open strings 
correspond to two-quark operators and closed strings to single-trace operators. 

We have found an equivalence between classical open and closed string solutions, and their 
energies (see equation ()4.23jl ). Since the energies represent an exact expression in A/ J 2 at 
the planar level, this gives a prediction for an all-loop relationship between the anomalous 
dimensions of two-quark and single-trace operators on the gauge theory side. It would be 
interesting to extend the spin-chain formalism [221 123]; developed for the M = 4 theory, to 
the M = 2 Sp(N) theory considered here. 12 In this case there should be two types of spin 
chains - periodic ones corresponding to single-trace operators and open ones corresponding to 
two-quark operators. It would be interesting to find their respective hamiltonians, and to apply 
the Bethe ansatz techniques to study their eigenvalues. 

A generalisation of the analysis of j2H] to the case at hand is also desirable. Given the equiv- 
alence of open and closed string solutions on the string theory side, the Backlund equations 
should readily give an infinite set of local charges for the open strings. These should be com- 
pared with the higher local charges of the Bethe ansatz in the open spin-chain model. From 
the point of view of non-local symmetries too, open spin chains are perhaps more interesting 
than the periodic ones. For rapidly decreasing boundary conditions the non-local Yangian sym- 
metry becomes an exact symmetry of the theory. It is then expected that given one solution, 
one can generate others by applying to it the non-local generators of the Yangian. Finally, all 
the evidence of the spinning string spin-chain duality, suggests that there should be a mapping 
between the two structures without reference to any particular solution. Recently, progress on 
this has been achieved [36J, and finding an exact map would be very instructive. 
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A Stability Analysis of the Two-Spin Circular solutions 

In this section we analyse the stability of the open and closed string two-spin circular solutions 
found in the previous section. We briefly review the analysis of 18] and apply it to the closed 
and open string solutions described in section El In [18J it was found that the quadratic 
Lagrangian for fluctuations in S 5 around the closed string solution ()3.5j) is 

L 2 = —d a X m d a X m — AX m X m — 2AX m X m . (A.l) 

Redefining X as 

X{t, a) = O 12+u (wT)O 13+24 (ka)O 56 (vT)O 15 ( l0 )X(T, a) , (A.2) 

it is possible to satisfy the A constraint with X\ = 0. The unconstrained Lagrangian is then 

L 2 = (d T X s ) 2 - (d a X s ) 2 + Av sin lo X 5 d T X 6 - 4 W (cos lo X h d T X 2 + X 3 d T X 4 ) 

+4k(cos l0 X 5 d a X 3 - X 2 d a X A ) , (A.3) 

where compared to section El we have set k = n\ = n 2 , and s = 2, . . . , 6. 
A.l Closed strings 

Since the closed string is periodic in a, we look for solutions of the form 

00 8 

X s = J2 A ™ ei{ " n - lT+na) ■ ( A ' 4 ) 

n=— 00 i=l 

Non-trivial solutions of the equations of motion following from (|A.3|) require the vanishing of 
the determinant of the characteristic matrix 

det(M c ) = {n 2 -u 2 n ) (u i n -2u 2 n {n 2 + 2{u 2 + k 2 ))+n 2 {n 2 -Ak 2 )) 

(w£ - 2oj 2 n (n 2 + 2{y 2 + k 2 cos 2 7o )) + n 2 (n 2 - Ak 2 cos 2 7o )) , (A.5) 

This expression is the same as equation (2.27) of [IB]. Setting k = in equation (|A.5|) we 
recover the BMN spectrum 

u n = ±V ± Vn 2 + v 2 , (A.6) 
16 



while setting 70 = 7r/2 the frequencies are 

u 2 n = n 2 + 2{v 2 + k 2 ) ± 2^{v 2 + k 2 ) 2 + n 2 {y 2 + 2k 2 ) , (A.7) 
u n = ±'v ± Vn 2 + v 2 . (A.8) 

Reality of u n then requires n 2 > 4k 2 , which is not satisfied for n = ±1 , . . . , ±(2k — 1) and 
corresponds to the instability discussed in [TH] . 

The action of the orientifold generator g on the fluctuations X s follows from equations (jl.7j) 
and (|A.2|) and is given by 

X s (r, a) -> X s (t, 2ix - a) , s = 1, 2, 5, 6 , 

X(T,a) -> 2tt - a) , s = 3,4. (A.9) 

It is easy to see that the Lagrangian (jA.3|) is explicitly invariant under this transformation. 
The quadratic flucutations need to be invariant under this orientifold action, which requires 

A« =4^,5 = 1, 2, 5, 6, (A.10) 
A% = -4^ = 3,4. (A.11) 

This halves the number of independent n 7^ modes, and removes the n = modes in the 
s = 3, 4 directions. As we saw above any potential unstable modes come as pairs ±n. The 
orientifold projection then removes one linear combination of these modes and keeps the other. 
As a result the orientifold projection will not fully stabalise any unstable solutions. 

A. 2 Open strings 

Consider next small fluctuations around the open string solution. The fields X 3 and X 4 will 
have Dirichlet boundary conditions at their end-points with the other spherical fluctuations 
having Neumann boundary conditions. From equation ()A.2jl one can see that X3 and X4 will 
satisfy Dirichlet boundary conditions, while X 1? X 2 , X 5 and X 6 will satisfy Neumann boundary 
conditions. 

The orientifold generator g acts on X m as 

9 (^1,2,5,6(7, 0-)) = X Wfi (r, it -a), g(X 3A (r, a)) = -X 3A (t, tt - a) . (A.12) 
From equation (|A.2|) it then follows that for k even 

9 (^1,2,5,6 (r, a)) = X 1)2i5j6 (r, 7r - a) , g(X 3A (r, a)) = -X 3A (r, it - a) , (A.13) 
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while for k odd 

g(X 3A6 (r,a)) = X 3A6 (t,tc - a) , g(X 2 (r, a)) = -X 2 (r,7r - a) , 

g(Xt(T,a)) = -cos(27o)Xi(r, 7r - <r) + sin(27o)X 5 (r, 7T - a) , 

g{X 5 {r,a)) = sin(2 7o )X 1 (r, tt - a) + cos(2 7o )X 5 (r, vr - a) . (A.14) 

It is easy to see that the action squares to one. Note also that for k odd setting X\ = in 
order to satisfy the A constraint is not a g invariant process. However, it was argued below 
equation ()3.8j) that the classial solution with k odd is not g invariant and so we are not interested 
in fluctuations around it. 

For k even we may set X\ = 0, and look for solutions to the Lagrangian ()A.3j) of the form 

oo 8 

= E E A fn^ lT cos(na) , s = 2, 5, 6 (A.15) 

n=0 i=l 

oo 8 

X * = EE A - e! """ Tsin W. s = 3,4. (A.16) 

n=l i=l 

The determinant of the characteristic matrix is the same as in the closed string case and so the 
frequencies will be the same as in the closed string case. In particular, in the un-orientifolded 
theory, the stability analysis is identical to the closed string case. 

Taking the orientifold of the above fluctuations is also straightforward 

oo 8 

9(X>) = ^^(-l) n ^e^ T cos(na), s = 2, 5, 6 (A.17) 

n=0 i=l 

oo 8 

9(Xs) = ^^(-l)M«e^sin(w), s = 3, 4 , (A.18) 

n=l i=l 

which needs to be combined with the action of g on the SO (8) Chan-Patton factors (3. As a 
result n-even fluctuations will have Chan-Patton factors which satisfy (3 = lgP r l~ g X ■, while the 
n-odd fluctuations will have Chan-Patton factors which satisfy j3 = — r y g p Tr y~ 1 . Since (3 are 
8x8 matrices, there will always be some ^-invariant states for any value of n. Hence, the open 
string solutions with k even, will be stable in the same range of parameters as the closed string 
solutions. 

References 

[1] J. M. Maldacena, The large N limit of superconformal field theories and supergrav- 
ity, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] 



18 



|arXiv:hep-th/9711200|; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge 



theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 
|arXiv:hep-th/9802109|; Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 



2 (1998) 253 |arXiv:hep -th/9802150 . 
[2] A. A. Tseytlin, Spinning strings and AdS/CFT duality, arXiv:hep-th/0311139 



[3] M. Blau, J. Figueroa-O'Farrill, C. Hull and G. Papadopoulos, A new maximally supersym- 
metric background of IIB superstring theory, JHEP 01 (2002) 047 arXiv:hep-th/0110242 ; 
M. Blau, J. Figueroa-O'Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal 
supersymmetry, Class. Quant. Grav. 19 (2002) L87 |arXiv:hep-th/0201081|. 

[4] R. R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond 
background, Nucl. Phys. B 625 (2002) 70 |arXiv:hep-th/0112044| ; R. R. Metsaev and 
A. A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond back- 



ground, Phys. Rev. D 65 (2002) 126004 |arXiv:hep-th /0202109 . 
[5] D. Berenstein, J. Maldacena and H. Nastase, Strings in flat space and pp waves from N 



super Yang Mills, JHEP 04 (2002) 013 arXiv:hep-th/0202021 



[6] D. J. Gross, A. Mikhailov and R. Roiban, Operators with large R charge in N = 4 Yang- 
Mills theory, Annals Phys. 301 (2002) 31 | arXiv:hep-t"h"70 205066 1 ; A. Santambrogio and 
D. Zanon, Exact anomalous dimensions of N = 4 Yang-Mills operators with large R charge, 
|hep-th/0206079| 

[7] M. Spradlin and A. Volovich, Superstring interactions in a pp-wave background, 
hep-th/0204146; M. Spradlin and A. Volovich, Superstring interactions in a pp-wave back- 



ground II, |hep-th /0206073; A. Pankiewicz, More comments on superstring interactions in 
the pp-wave background; JHEP 09 (2002) 056 arXiv:hep-th/0 208209 . A. Pankiewicz and 

B. Stefahski, jr., pp-wave light-cone superstring field theory, Nucl. Phys. B 657 (2003) 79 
|arXiv: hep-th /02 1 0246| . 

C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, A new double-scaling 
limit of N = 4 super Yang-Mills theory and PP-wave strings, Nucl. Phys. B643 (2002) 
31 |arXiv:hep-th/0205033| ; N. R. Constable, D. Z. Freedman, M. Headrick, S. Min- 
walla, L. Motl, A. Postnikov and W. Skiba, PP-wave string interactions from per- 
turbative Yang-Mills theory, JHEP 07 (2002) 017 |arXiv:hep-th/0205089| ; N. Beisert, 
C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, BMN correlators and 
operator mixing in N = 4 super Yang-Mills theory, hep-th/0208178; N. R. Constable, 



19 



D. Z. Freedman, M. Headrick and S. Minwalla, Operator mixing and the BMN corre- 
spondence, hep-th/0209002; J. Gomis, S. Moriyama and J. Park, SYM description of 
SFT Hamiltonian in a pp-wave background, hep-th/0210153; R. Roiban, M. Spradlin 
and A. Volovich, On light-cone SFT contact terms in a plane wave, JHEP 0310 (2003) 
055 |arX iv:hep-th/0211220| . N. Beisert, C. Kristjansen, J. Plefka and M. Staudacher, 
BMN gauge theory as a quantum mechanical system, Phys. Lett. B 558 (2003) 229 
|arXiv:hep-th/0212269| . 

P. Di Vecchia, J. L. Petersen, M. Petrini, R. Russo and A. Tanzini, The 3-string vertex 
and the AdS/CFT duality in the PP-wave limit, |arXiv:hep-tn7 0304025 

A. Parnachev and A. V. Ryzhov, Strings in the near plane wave background and AdS/CFT, 
JHEP 0210, 066 (2002) |arXiv:hep-th/0208010| . 

C. G. . Callan, H. K. Lee, T. McLoughlin, J. H. Schwarz, I. Swanson and X. Wu, Quan- 
tizing string theory in AdS(5) x S**5: Beyond the pp-wave, Nucl. Phys. B 673 (2003) 3 
|arXiv:hep-th/0307032| . 

G. 't Hooft, A Planar Diagram Theory For Strong Interactions, Nucl. Phys. B 72 (1974) 
461. 

G. M. Cicuta, Topological Expansion For SO(N) And Sp(2n) Gauge Theories, Lett. Nuovo 
Cim. 35 (1982) 87. 

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, A semi-classical limit of the gauge/string 
correspondence, Nucl. Phys. B 636 (2002) 99 |arXiv:hep-th/0204051 . 



S. Frolov and A. A. Tseytlin, Semiclassical quantization of rotating superstring in AdS(5) 
x S(5), JHEP 0206 (2002) 007 |arXiv:hep-th/0204226| . 

A. Armoni, J. L. F. Barbon and A. C. Petkou, Rotating strings in confining AdS/CFT 
backgrounds, JHEP 0210 (2002) 069 |arXiv:hep-th/0209224| . 

S. Frolov and A. A. Tseytlin, Multi-spin string solutions in AdS(5) x S**5, Nucl. Phys. B 
668 (2003) 77 |arXiv:hep-th/0304255| . 

S. Frolov and A. A. Tseytlin, Quantizing three-spin string solution in AdS(5) x S**5, JHEP 
0307 (2003) 016 |arXiv:hep-th/0306130| . 

S. Frolov and A. A. Tseytlin, Rotating string solutions: AdS/CFT duality in non- 
supersymmetric sectors, Phys. Lett. B 570 (2003) 96 [arXiv:hep^th/0306143 . 



20 



[20] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, Spinning strings in AdS(5) x S**5 



and integrable systems, arXiv:hep-th/0307191. 



[21] G. Arutyunov, J. Russo and A. A. Tseytlin, Spinning strings in AdS(5) x S**5: New 
integrable system relations, arXiv:hep-th/0311004, 

[22] J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 
0303 (2003) 013 |arXi v:hep-th/0212208| . 

[23] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang- 
Mills theory, Nucl. Phys. B 664 (2003) 131 |[arXiv:hep-th/0 303060|; N. Beisert, The com- 
plete one-loop dilatation operator of N = 4 super Yang-Mills theory, arXiv:hep-th/0307015 
N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain Nucl. Phys. 
B 670 (2003) 439 |arXiv:hep-th/0307042| ; N. Beisert, Higher loops, integrability and the 
near BMN limit, JHEP 0309 (2003) 062 |arXiv:hep-th/0308074| . 

[24] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning 



strings, JHEP 0309 (2003) 010 arXiv:hep-th/0306139 ; N. Beisert, S. Frolov, M. Stau- 



dacher and A. A. Tseytlin, Precision spectroscopy of AdS/CFT, JHEP 0310 (2003) 037 
larXiv:hep-th/0308117| . 

[25] L. N. Lipatov, High-energy asymptotics of multicolor QCD and exactly solvable lat- 
tice models, JETP Lett. 59 (1994) 596 [Pisma Zh. Eksp. Teor. Fiz. 59 (1994) 571] 
|arXiv:hep-th /931 1037| ; L. D. Faddeev and G. P. Korchemsky, High- energy QCD as 



a completely integrable model, Phys. Lett. B 342 (1995) 311 arXiv:hep-th/9404173 ; 
V. M. Braun, S. E. Derkachov and A. N. Manashov, Integrability of three-particle evolution 
equations in QCD, Phys. Rev. Lett. 81 (1998) 2020 |arXiv:hep-ph/9805225| ; A. V. Belit- 
sky, Fine structure of spectrum of twist-three operators in QCD, Phys. Lett. B 453 (1999) 
59 [arXiv:hep -ph/9902361 ; A. V. Belitsky, Integrability and WKB solution of twist-three 
evolution equations Nucl. Phys. B 558 (1999) 259 |arXiv:hep-ph/9903512|; A. V. Belitsky. 
Renormalization of twist-three operators and integrable lattice models, Nucl. Phys. B 574 
(2000) 407 |arXiv:hep-ph/9907420| ; V. M. Braun, S. E. Derkachov, G. P. Korchemsky and 
A. N. Manashov, Baryon distribution amplitudes in QCD Nucl. Phys. B 553 (1999) 355 
arXiv:hep-ph/9902375|; S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, Evo- 
lution equations for quark gluon distributions in multi-color QCD and open spin chains, 
Nucl. Phys. B 566 (2000) 203 |arXiv:hep-ph/9909539| . 

[26] G. Arutyunov and M. Staudacher, |arXiv:hep-th/0310182| 



21 



[27] G. Mandal, N. V. Suryanarayana and S. R. Wadia, Aspects of semiclassical strings in 
AdS(5), Phys. Lett. B 543 (2002) 81 |arXiv:hep-th/0206103| ; I. Bena, J. Polchinski and 
R. Roiban, Hidden symmetries of the AdS(5) x S**5 superstring, arXiv:hep-th/0305116 
L. Dolan, C. R. Nappi and E. Witten, A relation between approaches to integrability in su- 
perconformal Yang-Mills theory, JHEP 0310 (2003) 017 |arXiv:hep-th /0308089 ; L. F. Al- 
day, Nonlocal charges on AdS(5) x S**5 and pp-waves, |arXiv:hep-th/ 0310146 

[28] A. Fayyazuddin and M. Spalinski, Large N superconformal gauge theories and super- 
gravity orientifolds, Nucl. Phys. B 535 (1998) 219 |arXiv:hep-th/9805096| ; O. Aharony, 
A. Fayyazuddin and J. M. Maldacena, The large N limit of N = 2,1 field theories from 
three-branes in F-theory, JHEP 9807 (1998) 013 | arXiv:hep-th"7"9 806159 1 . 

[29] T. Banks, M. R. Douglas and N. Seiberg, Probing F-theory with branes, Phys. Lett. B 387 
(1996) 278 arXiv:hep-th/9605199 ; O. Aharony, J. Sonnenschein, S. Yankielowicz and 
S. Theisen, Field theory questions for string theory answers, Nucl. Phys. B 493 (1997) 177 
arXiv:hep-th/9611222|; M. R. Douglas, D. A. Lowe and J. H. Schwarz, Probing F-theory 
with multiple branes, Phys. Lett. B 394 (1997) 297 |arXiv:hep-th/9612062| . 

[30] D. Berenstein, E. Gava, J. M. Maldacena, K. S. Narain and H. Nastase, Open strings on 
plane waves and their Yang-Mills duals, arXiv:hep-th/0203249 P. Lee and J. w. Park, 
Open strings in PP-wave background from defect conformal field theory, Phys. Rev. D 67 
(2003) 026002 |arXiv:hep-th/0203257| . 

[31] J. Gomis, S. Moriyama and J. w. Park, Open + closed string field theory from gauge fields, 
|arXiv:hep-th/0305264| 

[32] A. Sagnotti, Open Strings And Their Symmetry Groups, arXiv:hep-th/0208020, E. G. Gi- 
mon and J. Polchinski, Consistency Conditions for Orientifolds and D-Manifolds, Phys. 
Rev. D 54 (1996) 1667 |arXiv:hep-th/9601038 . 



[33] B. Chandrasekhar and A. Kumar, D-branes in pp-wave light cone string field theory, 
arXiv:hep-th/0303223; B. Stefahski, jr., Open string plane-wave light-cone superstring field 



theory, arXiv:hep-th/0304114. 



[34] J. Lucietti, S. S chafer- Nameki and A. Sinha, On the exact open-closed vertex in plane-wave 
light-cone string field theory, arXiv:hep-th/0311231 



[35] X. J. Wang and Y. S. Wu, Integrable spin chain and operator mixing in N = 1,2 super- 
symmetric theories, arXiv:hep-th/0311073, 



22 



M. Kruczenski, Spin chains and string theory, arXiv:hep-th/0311203 



23 



